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Abstract. Suppose that / : W -> W is a mapping of ^-bounded 
p-mean distortion for some p > n - 1. We prove the equivalence 
of the following properties of /: doubling condition for J(x,f) over 
big balls centered at origin, boundedness of multiplicity function 
N(f,M"), polynomial type of / and polynomial growth condition 
for /. 



1. Introduction 

Throughout this paper, we call a non-constant continuous mapping 
/ : Q. — > W a mapping of finite distortion if / belongs to the Sobolev 

1 1 \D f\ n 1 

space Wfo C (£1, W) with log ( c 4|D/|) 6 ^L-^") anc ^ there exists a measurable 
function K : Q. — » [1, oo) so that 

(1) \Df(x)\ n <K(x)J(x,f), 

for almost every x e Q. Here \Df(x)\ and J(x,f) are the operator 
norm and the Jacobian determinant of Df(x), respectively. When 1 < 
K(x,f) < K < oo a.e., / is called a .fif-quasiregular mapping. 

For a mapping of finite distortion /, the outer distortion function 
K(-,f) and the inner distortion function K[(-,f) are defined as 

\pf(xw A V( f , \p # m\ n 
K(xJ) = 7(U) and Kl{xJ) = J(^' 

respectively, when < \Df(x)\, J(x, f) < oo, and K(x,f) = K t (x,f) = 1 
otherwise. Here \D # f(x)\ is the adjoint matrix of Df(x). Clearly 

K^xjf^ixJ) < K(x,f) < Kjixjf- 1 , 

for almost every xefl. 

We say that a mapping of finite distortion / : W — > R" has K- 
bounded p-mean distortion, p > 1, if there exists a constant K > 1 
such that 

(2) f K(x,f) p dx<K, Vl<r<oo. 

JB(0,r) 
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Let / : Q — » R" be a mapping of finite distortion with K(x,f) e 
Lf oc (£l) for some p > n — 1 and £ c Q a Borel set. We define the 
counting function 

n(E,y)= 2j *(*./). 

*e/ _1 (y)ri£ 

where /) is the local index. 

We let A(a, r) be the average of n(B(a,r),y) over /?" with respect to 
the n-dimensional spherical measure, i.e. 

Mar) 2 " f 2 " f -JjM—dx 

{ ' n co n J, (1 + M 2 )» J cu„ Jg^, (1 + |/(x)| 2 )* 

If a happens to be the origin, we simply denote it by A(r) = A(0, r). 

For a mapping of finite distortion / : R" — » R", we define the lower 
order of / to be 

(3) ^ = liminf ^. 

r-»oo log r 

We say that / has finite lower order if Af < oo. 

The main result of this paper is the following theorem that general- 
izes the corresponding statements for quasiregular mappings from [I]. 

Theorem A. Let f : R" — » R" be a mapping of K-bounded p-mean 
distortion for some p > n — 1 . Then the following statements are equiv- 
alent 

1: J(x,f) is doubling for balls centered at the origin with radius 

bigger than or equal to 1. 
2: / is of polynomial type, i.e. lim^oo |/(x)| = oo and so f can be 

extended continuously to W 1 . 
3: N(f,W) is bounded. 

4: / has polynomial growth, i.e. there exist positive constants C\ 
and C2 and integer m such that |/(x)| < Cil^l" 1 + C%. 

Moreover, each of the above condition implies that A(r) is doubling for 
r > r , where r > is a constant. In particular, f has finite lower 
order. 

The lesson we draw from Theorem |X] is that 00 must be a removable 
singularity if / does not grows too fast. Under the condition that / is 
of polynomial type, we actually conclude that / must cover the whole 



2. Preliminaries and Auxiliary results 

2.1. Area formula. Let / : Q — » R" be a mapping of finite distortion 
with distortion function K(x,f) e Lf (Q.) for some p > n — 1. Then 
/ is sense-preserving, discrete and open by the result in [2], the latter 
meaning that / _1 (y) cannot have accumulation points in f2. In par- 
ticular, N(y,f,A) < 00 whenever A cc Q. Recall that N(y,f,Q.) is 



MAPPINGS OF FINITE DISTORTION OF POLYNOMIAL TYPE 



3 



defined as the number of preimages of y under / in Q. We also put 
N(f,Q):=sup yeR „N(y,f,Q). 

An open, connected neighborhood U cc Q of a point xefiis called 
a normal neighborhood of x if f(dU) = df(U) and U n f~ l (f(x)) = 
{x}. Denote by U(x,f,r) the ^-component of f~ l (B(f(x),r)). For the 
following lemma, see Chapter I Lemma 4.9 in [8]. 

Lemma 1 (Lemma 4.9, [8]). For each point x e Q. there is o~ x > 
such that U(x,f,r) is a normal neighborhood of x whenever < r < cr x . 
Moreover, diam U(x, f, f) — > as r — > 0. 

Next suppose that jc e Q and < r < o~ x , where o~ x is as in the above 
lemma. The local index i(x, f) of / at x is defined as 

i(x,f) = N(f,U(x,f,r)). 

Note in particular that N(f, U(x, f,r)) is independent of r < cr x . Thus, 
i(x,f) = 1 if and only if x G Q\Bf, where Bf is the branch set of /. We 
refer the reader to j8] Chapter I for this discussion. 

Suppose that / : Q — » R" is a continuous, sense-preserving, discrete 
and open mapping. Let B : [a,b) — > R" be a path and let x e f~ l (fi(a)). 
A path a : [a, c) — » Q is called a maximal /-lifting of B starting at x if 
a(a) = x, f o a = B\[ a c ) and if whenever c < c' < b, there does not exist 
a path a' : [a, c) — » Q such that a = or'|[o, C ) and f o a' = B\[ atC >). 

Now let xi, . . . ,Xk be different points of f~ l (fi(a)) such that 

k 

m = 2^i(xy,/). 

;=i 

We say that the sequence ari, . . . , a m of paths is a maximal sequence of 
/-liftings of B starting at the points x\,...,Xk if each ctj is a maximal 
/-lifting of B such that 

• card{j : a ; (a) = x,} = i(Xi,f), 1 < z < k, 

• card{j : afo) = x} < i(x, /) for all x e H and all 

The existence of maximal sequences of /-liftings is proved in Chapter 
II Theorem 3.2 in [8]. 

We close this subsection by the following well-known area formula. 

Lemma 2. Let f ; Q — > R" be a mapping of finite distortion with 
distortion function K(x,f) 6 Lf (O) for some p > n — 1 and r] be a 
non-negative Borel-measurable function on R" . T/ien 

(4) f rj(f(x))J(x,f)dx= [ rj(y)N(y,f,n)dy. 

The validity of the above lemma lies in the fact that / satisfies the 
so-called Lusin condition N. This is proven in [3] Theorem A. Recall 
that a mapping / : Q — » R" is said to satisfy the Lusin condition A/ 
if the implication \E\ = => |/(E)| = holds for all measurable sets 
E c Q. 
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2.2. Basic modulus estimates. We first give the definitions of the 
p-modulus and weighted p-modulus of a path family. Let E and F 
be subsets of Q.. We denote by T(E, F, Q.) the path family consisting 
of all locally rectifiable paths joining E to F in Q. A Borel function 
p: R" —> [0, oo] is said to be admissible for T(E,F,Q.) if f y pds > 1 for 
all y e Y(E,F, Q). The p-modulus of a path family Y := T(E, F, f2) is 
defined as 

mod p (r) := inf p p (x)dx : p: R" -» [0, oo] is an admissible 
Jn 

Borel function for rj. 

Let a) : Q — » [0, oo] be a measurable function. The weighted p-modulus 
of the path family T is then defined as 

mod p ,„(r) := inf p p (x)co(x)dx : p: R" -> [0, oo] is an admissible 
Jn 

Borel function for rj. 

Note that when = 1 for all x e fi, we recover the usual p-modulus 
modp. When p = n, we write mod w instead of mod„ iW . 

Next we introduce the p-modulus on spheres. Let T be a path family 
in S(a,r), and let 1 < p < oo. Set 

mod*<r):=i„f( f p^^W^^fe^^clisauadmissible 

JS(a,r) 

Borel function for rj. 

The notation Ff is used to denote the collection of all locally rectifi- 
able paths in A having a closed subpath on which / is not absolutely 
continuous. The following ^-inequality for mapping of finite distortion 
is due to Rajala [6]. 

Lemma 3 ([6J, Theorem 2.1). Let f : Q — » R" be a mapping of finite 
distortion with K(x, f) e Lf (Q) for some p > n — 1 . Let A <z Q, be a 
Borel set with 

swpN(y,f,A) < oo, 

yeR" 

and T a family of paths in A. If a function p is admissible for f(T\Tf), 
then 

(5) mod K - H . yf) (T\T f ) < f p n (y)N(y,f,A)dy, 

Jr" 

Moreover, mod p (ry) = for all I < p < n. 

The following important Vasala inequality for mappings of finite dis- 
tortion was proved by Koskela and Onninen [1] . Here i(x, f) is the local 
index of / at a point x. 
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Lemma 4 ([4], Theorem 4.1). Let f : Q. — » R" be a mapping of finite 
distortion with K(x, f) e Lf oc (Q) for some p > n - 1 . Let T be a path 
family in £1, P a pai/i family in R", and m a positive integer with 
the following property. For every path B : / — > W , there are paths 
a\, • • ■ ,a m in F such that f o aj c B for all j and such that for every 
x e Q and t e I, ctj(t) = x for at most i(x, f) indices j. Then 

, x mod/or- nCO 

6 mod(r') < /( ' /)V . 

m 

For spherical rings, we prove the following upper bound for K^-,/)- 
modulus. 

Lemma 5. Let f : Q — > R" be a mapping of finite distortion with 
K(x, f) 6 Lf oc (Q) for some p > n - I. Suppose that for some a e Q. and 
R > 1, B(a,R) cc Q and t/iat 

I s a := ( K(x,f) p dx<K< oo, Vl<s<i?. 

JB(a,s) 

There exists a constant C > 0, depending only on n and K, such that 

(7) mod^CO < Clog^/r). 

/or a// 1 <2r < R, where T is the family of all paths connecting B(a, r) 
and R n \B(a,R). 

Proof. Let p(x) = j^\og~ l (R/r) if x e B(a, r)\B(a, r) and p(x) = 
otherwise. Then p is an admissible function for T. Let k be the smallest 
positive integer such that 2 k r > R. Then it follows that 

mod^(n< f p n Kj(x,f)dx 

J B(a,R)\B(a,r) 

i^l J B(a,2 i r)\B(a,2 i ~ l r) \ x ~ a \ 
k 

< C(n)\og-'\R/r)Y J K = C (n) K log 1 -\R/r), 



where, in the last inequality, we have used the condition < K for all 
1 < s < R. □ 

Next we will derive a lower bound estimate for the K~ l (•,/)- modulus 
for spherical rings . The proof here is a small modification to the proof 
of Theorem 2.2 in [6]. 

Lemma 6. Let f : Q. — > R' 1 6e a mapping of finite distortion with 
K(x,f) e L? (Q) some p > n— 1. Let E and F be two continua. Assume 
that there exists a point a such that S (a, t) intersects both E and F for 
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all r' <t <R' and B(a,R') c Q. Let Y = £ „ mD , ,K(x,f) p dx. Th 

y JB(a,R')\B(a,r) v J 

we have the following lower bound: 

(8) mod K - H . j^YWf) > C{n)^-Y-K 

where Y is the family of paths joining E and F in B(a,R')\B(a, r'). 
Proof. Let p be an admissible function for mod^-i ( .j)(r\ry) so that 

n 
p+1 



p"K l (-,f) is integrable. Fix p' = n — 'j-r e (n— l,n). Then 



\ p p \x)dS(x) < oo 

JS(a,t) 

for almost every t e (r',R'). Now, by Lemma [3j mod^'lTy) = and thus 
modp,(rp = for almost all t e (r',R'), where 

r; = (yer /5 \y\ cS (a,t)}. 
Lemma 2.4 in [6] gives for almost all t € (r',R'), 



p p '(x)dS(x) > mod* (P^) = modJ,(P) > — 



where P = {y e T : |y| c S(a, 01- We conclude that 

1 <a p ' +1 -" f p p '(x)J5(;c) 

Js(a,f) 

for almost every ? G (r',R'). Integrating over t, we get 

(7?' - r')essinf te ( r > R r) J p p (x)<i5 (x) < J p p (j^dx 

JS(a,t) J B(a,R')\B(a,r') 

Write E = B(a,R')\B(a,r'). Then \E\ is bounded from above and below 
by dimensional constants times (R' — r')R' n ~ l . Combining the above two 
inequalities gives 

(9) 1 < CR'QEr 1 J p p '(x)dxf p '. 

Writing p p \x) = p p ' (x)K~ p ' /n (x, f)K p ' /n (x,f) and using Holder's inequal- 
ity, we see the righthand side of ([9]) is at most 

(10) CR'(\E\~ l f p'\x)K-\x,f)dxf ln {\E\- x f K p (x,f)dxf np . 

Je Je 

Combining estimate ([9]) with ( TTUj) . we obtain the desired estimate 
C{n)^-Y^ < Jp"(x)K- l (x,f)dx. 



□ 



Lemma 7. Let f : R' 1 — > R" be a mapping of K -bounded p-mean dis- 
tortion for some p > n — 1 . Then f(W) cannot omit a set of positive 
n- capacity. 
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Proof. Note that in our situation, all the requirements of Corollary 1.3 
in jl] are satisfied and thus the conclusion follows. □ 

2.3. Growth estimate. In this subsection, we will derive a growth 
estimate on / under the assumption that J(x,f) is doubling for balls 
centered at the origin with radius bigger than or equal to 1. The idea of 
the proof is from Lemma 12.3 in [5]. For the statement of the following 
results, we introduce the notations L(0,R) = sup{\f(x)-f(y)\ : \x-y\ < R} 
andl(0,R) = M{\f(x)-f(y)\:\x-y\>R}. 

Lemma 8. Let f : R" — > W be a non-constant mapping of K -bounded 
p-mean distortion for some p > n — 1. If J(x,f) is C-doubling for all 
balls centered at the origin with radius bigger than or equal to 1, then 
there exist C = C'(n, K) > and Ro > such that 

(11) L(0,R)<C'R k 

for all R > Ro, where k = log2 )? C+1 . 

Proof. By Lemma [U we may set R to be such a number that L(0, R) = 
1. Let R > R . We fix a point a e 5(0, R) such that 

(12) \f(a)-f(0)\ = L(0,R). 

By Lemma [3 we may choose y : [0, oo) — > W\B(f(Q), L(0,R)), starting 
at f(a) with |y| unbounded and a maximal /-lifting of y' of y starting 
at a. Then \y'\ is also unbounded. Lemma |6] implies that 

(13) mod^ 1( , /) (r\r / ) > C(n, K)R~\ 

where T is the family of curves joining B(0, 1) to \y'\ D B(2R) in 5(0, 2R). 
Since every path tj e f(T) intersects f(B(0, 1)) and R n \B(f(0),L(0,R)X 
the function p : W — > [0, oo] defined by 

2 

pOO = L(Q R) X f(B(o,2R))(y) 

is a test function for f(T). By Lemma [2], 
(14) 

I N ^m^"y - T&sf J„ <- c ^ 

for s = log 2 C. The claim now follows from Lemma [31 ( fl3|) and (JHJ). □ 

Corollary Let / : R" — » R" be a non-constant mapping of 
bounded p-mean distortion for some p > n — 1 . If A(r) is C-doubling for 
r > 1 and L(0, r) < Ci/(0, r) for r > r , then there exist C = C'(n, K) > 
and R' Q > such that 

(15) l(0,2R)>CR a 

for all i? > Ro, where a = n ^ og l c+ iy I n particular, /(R") contains balls 
of arbitrary large radius. 
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Proof. The proof is quite similar to Lemma [HJ Let Rq be the same 
number as in the proof of Lemma [8] and R' = max{r ,5 }. For R > R' Q 
we write 

2 

~ 1(0 2R) Xf{BmR)) ^ 
to be the test function for f(T) and 

f N(yJ,B(0,2R))p\y)dy = —?—[ J(x,f)dx 

JR" 'W, ZK) JB(0,2R) 

\2\n 

JB{ 



^ 2"(1 + L(0,25) 2 )" C J(x,f) 

Z(0,25)« Jb(o,2K) (1 + \f(x)\ 2 )" X 
< C(n)l(0,2RfR s 



for s = log 2 C. □ 

Remark. This result can be viewed as a covering theorem for mappings 
of finite distortion, comparing it with Corollary 1.2 in [7]. 

3. Proof of theorem A 

Proof. The implication "3 => 1" follows from modulus estimates. First 
of all, Lemma [2] implies that 

f J(x,f)dx= f N(y,f,2B)dy<N(f,R n )\f(2B)\ 

J2B Jf(2B) 

and 

f /)^ = f My, /, 5) dy > 

Therefore it suffices to show that 

|/(25)| < C\f(B)\ 

whenever B c R" is a ball centered at origin with radius bigger than or 
equal to 1. 

To this end, fix a ball B = 5(0, if) c W with 77 > 1 . Since / is 
open, /(0) is an interior point of the open connected set U = /(5). Let 
d = dist(/(0), dU) and set 

r = max |/(0) - y|, 

yedU' 

where U' = /(25). Then clearly 2r > diam([/')- Let L be the line 
segment of length d joining /(0) to dU and let L\ be a half line in R" 
joining a point in (95(/(0),r) n (9t/' to 00 in R" U |oo}\5(/(0), r). Then 
some lifts of Lq and L\ join to <95, and d2B to 00, respectively, and 
hence by Lemma |6] 

mod^i ( , /) (r\r / ) > c> 0, 
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where T is the family of paths joining / (Lq) and / l (L[) in 35. On 
the other hand, Lemma |3] gives us 

mod^ 1( , /) (r\r / ) < tf(y,/,R*)mod(Z<>,Li,R n ) < C(log 

We thus obtain r < Cd, which implies that f(B) and f(2B) have com- 
parable volumes, as desired. 

Next, we prove the equivalence of 2 and 3. First we show that 2 
implies 3. To this end, fix a point y e /(R"). Since / is discrete and 
lim xeco \f(x)\ = oo, there exists a ball 5 = 5(0, r) c R" such that 

(16) N(y,f,R n )=N(y,f,B)< £ i(x,f) =: M < oo. 

xe/-'(y) 

Now suppose that there exists a point v e X with 

^ i(x,f)>M, 

xef-Hv) 

and choose a compact path y beginning at v and ending at y. Then 
there are at least M+ 1 lifts y- 7 of y starting at / _1 (v), and each of them 
either ends at some x e /^(y) or leaves every compact subset of R". 
The latter cannot happen for any j since / is of polynomial type. But, 
by (TT6l) . the former can occur for at most M of the lifts yK This is a 
contradiction and thus 2 implies 3. 

Now assume 3 and suppose that 2 does not hold. Then there exists 
a sequence (a,) of points in R", such that \a t \ increases to infinity but 

(17) Iimsup|/(a i )-/(0)|= J R<oo. 

i— >oo 

Passing to a subsequence if necessary, we may assume that 

diam/(fl(0, |a/|)) >R/2 

for every i e N. Note that / is continuous and open, and hence it is 
monotone. It follows that 

(18) diam/(5(0,|a,|))>5/2. 

Since N(f,W) < oo, we may fix a 6 > so that U(xj,6) is a normal 
neighborhood of xj for every Xj e f~ [ (f(0)). Then 

(19) U Vj . e/ - 1(/(0)) U( Xj ,6)cB(0,t) 

for some t > 0. When > let T, be the family of all paths joining 
B(f(0),6) and /(S(0, |a,-|)) in R n . Then by (flTjl . <j!B|> and the n-Loewner 
property of R", there exists a constant C > such that mod(r,) > C 
for every i. Denote by r' t the family of all lifts y' of y 6 starting at 
5(0, |a,|). 

By (j!9p . every y' G either intersects 5(0, or leaves every compact 
set in R". The latter family of paths have K[(-, /)-modulus zero. All 
other paths start at 5(0, |a,-|) and intersect 5(0,0, so 

mod^Cr;) < C(n, K, t) log^kl/O -> 0, as i -> oo 
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by the remark after Lemma[5l We thus get a contradiction to LemmaHl 
Therefore, 2 follows from 3. 

Now we show the implication "1 => 3". First we suppose R is large 
and fix a point y e f(B(0,R)) with m preimage points X\, • ■ • ,x m inside 
B(0,R) c R", where m is a large positive integer to be estimated later. 
We choose 8 > so that U(xi, 6) c B(0,R) is a normal neighborhood for 
each i = 1, • • • , m, and the sets U(xu 6) are pairwise disjoint. 

By Lemma [TJ we can choose a point f(q) e /(R") with \y - f(q)\ as 
large as desired, and a path 

7 :[0,oo)^R"\B(y,\y-f(q)\), 
starting at f(q), such that |y| is unbounded. Then 

(20) mod(r) = mod(5(y, 6), |y|, R") > d(log ly - { 

o 

where Ci > does not depend on q. 

By Lemma [8] and our choice of y, there exist a > such that 

(21) dist(0,r 1 (lyl))>C|y-/(^)r 

when the right-hand term is larger than some fixed constant. For each 
r] e T, there are at least m maximal /-liftings starting at the points 
Xi 6 B(0,R). Moreover, by the above estimate, each of them intersects 
R"\fl(0, C\y - f{q)\ a ). Denote the family of all such lifts by V . Then by 
Lemma H] and Lemma 

22 mod(n < ^^^^^ < — W"\C 2 \y - f(q)\ a /R). 

m m 

Combining ([201) and (|22l) yields 

(23) ly - <%-f(q)\^. 

o 

We conclude from (J23j) that m < (-)"" 1 . To see this, suppose that the 
conclusion is not true, i.e. m > {-) n ~ l . We may let \y - f(q)\ be as large 
as we wish and obtain a contradiction with (|23|) . 

The implication "1 => 4" follows immediately from Lemma [H The 
proof of implication "4 => 3" is the same as that in the implication 
"1 => 3". Indeed, ( 12 ip follows immediately from Lemma |HJ 

Finally we only need to show that one of the above four conditions 
implies that A(r) is doubling for r > ro for some positive constant tq. 
We want to prove that 3 implies that A(r) is doubling for all r > r$. The 
proof is similar to the proof for the implication "3 => 1". Let B = 5(0, r) 
with r > r , where ro > is to be determined later. Lemma [2] gives us 

J, am (1+M 2 )" J f ™(l+M 2 )" 
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and 

Therefore it suffices to show that 

ffvs) (i + \y\ 2 r dy - C I m (i + M 2 )"^' 

Then we follow the proof of implication of "3 => 1". Since / is 
open, /(0) is an interior point of the open connected set U = f(B). Let 
d = dist(/(0), dU) and set 

r' = max |/(0) -y\, 

yedU' 

where U' = f(2B). Now we choose r so that r > r implies that d > 2. 
Arguing as before, we conclude that r' < Cd. Thus we have 

On the other hand, 

L, WTwr dy £ L m ,n aTWr dy ~ C(n) I oTflr dL 

Note that if we split the integral ^f +t l )n dt into two parts, 

i,(IT^'* = i, <iW + J, (TT^* 

then, for the second integral, we have that 

1 1 f l f~ x 1 1 

n-2" (1 ~ F ) ~ Jj (1 + J 2 )" * ~ n (1 ~ F )- 

Since 1 — ^ > 1 — ^ and 1 - ^ < 1, we conclude that A(r) is doubling 
for r > ro. □ 

Remark. Note that the boundedness of N(f,W) does not imply that 
J(x,f) being doubling for all balls centered at the origin as one may 
consider the mapping 



Fix) 



Ulog- 1 ^ if|*|<l/e 

_ I \x\ => \x\ 11 ' 

\x if|x|>l/e. 
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